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We consider the compactification of M-theory on X 7 with betti numbers (&o, &i, 62, 63, 63, 62, &i, 60) 
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I. INTRODUCTION 

We consider compactification of (TV — l,D — 11) supcrgravity on a 7-manifold X 7 with betti numbers 
(60, bi, 62, 63, 63, 62, 61, 60) and define a generalized mirror symmetry 

(6 , h, 6 2 , 63) -> (60, 61, &2 - p/2, 6 3 + p/2) (1) 

under which 

p(X 7 ) ee 76 - 56i + 36 2 - 6 3 (2) 

changes sign 

P -> -P (3) 

Generalized self-mirror theories are defined to be those for which p vanishes. In the case of G 2 manifolds with bi = 0, 
Joyce jT] [2] refers to p = as an "axis of symmetry" . For related work on mirror symmetry and Joyce-manifiolds, see 

[3H5]. 

The massless sectors of these compactifications have 

/ = 4(6 + 61 + 6 2 + 63) (4) 

degrees of freedom. Interestingly enough, we shall see in section [TT] that the quantity p also shows up in their on-shell 
trace anomaly [5J [7] 



9^ < TV >= A^R*vr°R\ vpa (5) 



which is given by 



A=~y. (6) 



Hence generalized self-mirror theories have vanishing anomaly with betti numbers 1 

(60,61,62,63) = (l,AA-l,n,3n-5AA+12) (7) 

and 

/ = 16(n - H + 3) (8) 

degrees of freedom, where 1 < Af < 8 is the number of supersymmetries. If we denote the D = 11 fields by 
{gMN\^M',A M Np) and the corresponding D = 4 fields by (g^, A^^iip^^x', A^p, A pl ,, A pi A), then the possible 
generalized self-mirror theories and their betti numbers are: 

• TV = l,ra > 0, /= 16(n + 2) 

X 7 : (1, 0, n, 3n + 7, 3n + 7, n, 0, 1) 

yielding 1 graviton (g^; i/> M ; Ap Vp ) plus n vector (x;j4 m ) plus (3n + 7) chiral (_4;x;^4). 

• Af = 2,n>0, f = 16(n+l) 

X 6 : (l,0,n,2n + 2,n,0,l); I 6 x S 1 : (1, 1, n, 3n. + 2, 3n + 2, n, 1, 1) 

yielding 1 graviton (g^, Ap\ 2^; Ap Vp ) plus n vector (.4.; 2%; vl^, A) plus n hyper (2A;2x;2A) plus 1 linear 
;.4:2\:,l ;ii ,.2.1i. 

• = 3,n> 3, / = 16n 

X 5 : (1, 0, 71 - 1, 7i - 1, 0, 1); I 5 x T 2 : (1, 2, 71, 3n - 3, 3n - 3, 77, 2, 1) 

yielding 1 graviton (3^, 2^; 3^, x, A pvp , A^) plus (77 - 3) vector (3A; 4%; A^, 3A) plus 2 2-form 
(2A;x,A„u,A l „3A). 



1 We assume that there is a (/(l) 61 isometry, which will be the case for Jf(8-A0 xT^ 1 ) with X' 8 -^0 simply connected. 
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• Af = 4,n> 6, / = 16(n- 1) 

A 4 : (1, 0, n - 3, 0, 1); A 4 x T 3 : (1, 3, n, 3n - 8, 3n - 8, n, 3, 1) 

yielding 1 graviton (g M „, 34 M , A, 4-0^, 4%, A^ vp , 34 M , A) plus (n — 6) vector (3.4, 4x; 4^, 34) plus 3 2-form 
(24; 4 X ; 4^,4,,, 34). 

The case n = 25 corresponds to X 4 = AT3 [5]. 

• A/" = 5, n = 6, / = 64 

X 3 : (1, 0, 0, 1); A 3 x T 4 : (1, 4, 6, 5, 5, 6, 4, 1) 

yielding 1 graviton (g^, 44 M , 4; 5i/> M , 11%; 4 Myp , 44 M „, 64 M , 54). 

• TV = 6, n = 11, / = 128 

X 2 : (1,0,1); X 2 x T 5 : (1,5,11,15,15,11,5,1) 

yielding 1 graviton (g^, 54 M , 104; 6^, 16x; 4 Mi/p , 54 p „, 114 M , 154). 

• Af = 8,n = 21, / = 256 

T 7 : (1,7,21,35,35,21,7,1) 

yielding 1 graviton (5^, 74 M , 284; 8^, 56x; 4 Mi/p , 74 p „, 214 M , 354). 

In listing these results, we simply record what the betti numbers of the compactifying 7-manifold would have to be, 
without attempting to prove in all cases that such manifolds actually exist. Of particular interest are the four cases 

(60,61,62,63) = (l,Af-l,3AA-3,4AA + 3) (9) 

with Af — 1,2,4,8, namely the four "curious" supergravities, discussed in |S]: (Af = l,n = 0, / = 32), (Af = 2, n = 
3, / = 64), ( Af = 4, n = 9, / = 128), (Af = 8, n = 21, / = 256), which enjoy some remarkable properties 2 . 

! we note that the case of M-thcory on X 6 x S 1 with betti numbers (bo, b\, 62, 63, 63, 62, 61, 60) is equivalent 



In section 



III 



to Type IIA on X 6 with betti numbers (cq, C\, c%, C3, C2, Ci, Co) related by 

(60,61,62,63) = (co,c + ci,ci + c 2 ,c 2 + c 3 ) (10) 

and hence 

p(A 6 x S 1 ) = x(X 6 ) (11) 

where x(A 6 ) is the Euler number of X 6 

X (X e ) = 2c - 2 Cl + 2c 2 - 03. (12) 
The generalized mirror symmetry transformation ([!]) then becomes 

(c ,c 1 ,c 2 ,c 3 ) -> (c ,ci,c 2 - x/2,c 3 + x) (13) 

under which x also changes sign 

x->-x- ( 14 ) 

Further specializing to A 6 =Calabi-Yau with betti numbers: (1, 0, h ,2 + 2h 21 , h , 0, 1) our generalized mirror sym- 
metry reduces to the familiar interchange of hodge numbers h 11 -f-> /i 21 [T3]. As for the trace anomaly, 

A = -i ^ 

and so in Euclidean signature 

J Jxy/gg^ < T>» >= -^x(M 4 )x(A 6 ) = -^x(M 4 x A 6 ) (16) 



The Af = 8,4,2, 1 cases are related \5\ \HW2\ to the orbifolds T 7 , T 7 /Z 2 , T 7 /(Z 2 X Z 2 ) , T 7 /(Z 2 X Z 2 X Z 2 ). 
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where x(M 4 ) is the Euler number of spacetime. 

The compactifications of (Af = 1, D = 10) supergravity on X 6 are just given by the NS sector of Type IIA. Their 
massless sectors have 

/ = 4(2c + 2c x + 2c 2 + c 3 ) (17) 
degrees of freedom. Their anomaly is given by 

A = -^(65co-15 Cl +c 2 + C3 /2) (18) 

(c ,ci,c 2 ,c 3 ) = (1, 2Af - 2, n, - 95 - n) (19) 
/ = 4(26A/"- 97 + 3n). (20) 



which vanishes when 
and 

So the only possibility is: 

• Af = 4, n = 15, / = 128 

1 graviton (g^, 34^, 4^, 4*, A^, 3^) plus 3 vector (ZA'Ax, A^A) + 3 vector (4,,, 44; 4%; 2 A) 

Note that the field content of the Af = 4 graviton and vector multiplets arising from compactification of (Af = 1, D = 
10) on T 6 is different from those arising from (Af = 2, D = 10) on X 4 x T 2 with X 4 betti numbers (1, 0, 6, 0, 1). In 
particular the anomalies of each multiplet vanish separately. These two versions of Af = 4 are the dual pair discussed 
in [T5]. Note also that the (Af = 1,D = 10) vector multiplet (Am',x) appearing in the heterotic string yields the 
vector (Afj,; 4%; 6^4) on T 6 which separately has A — also. 

In obtaining these results, we adopt the interpretation of [2] that assigns different anomalies to A„ u and A even 
though they are naively dual 3 to one another (each with / = 1 ) and nonzero anomaly to A^p (with / = 0). This is 
controversial, with some authors agreeing |16j and others taking the view that A^ u has the same anomaly as A and 
that Ap Vp has vanishing anomaly [171420] . For the purposes of comparison, we give the results that the alternative 
view would yield in appendix [A] In particular, for M on X 7 and Type IIA on X 6 one finds 

A(Af) = -^-(41& -19fci-3& 2 + 6 3 ) (21) 
A(IIA) = -^(-22c + 22 Cl + 2c 2 - c 3 ) (22) 

A(IIB) = ^(26c - 26 Cl + 2c 2 - c 3 ) (23) 

none of which seems to have any separate topological significance (although A(IIA) — A(IIB) = — x/12). All yield 
a nonzero result for Af > 3. It should be noted, moreover, that our interpretation is supported by string calculations 



Given the relation between trace anomalies and logarithmic corrections to black hole entropy [22 26 , one is tempted 
to conclude that these are absent in generalized self- mirror theories. The authors of [21], however, do not reach this 
conclusion and it seems that there are still some unresolved issues. 



Finally, in section IV we introduce a fermionic mirror map 

(b , b 1} b 2 , b 3 ) -> (b , bi+Af 1 - Af, b 2 -N'+ Af, b 3 ) (24) 

which preserves the number of spin 2, spin 1 and spin but changes the number of spin 3/2 (from Af to Af 1 ) and spin 
1/2, keeping / fixed. Previously known examples [2"7l - f2"9"] of fermionic mirror pairs are provided by (Af = 6,Af' = 2), 
(Af = A,Af' = 2) and (Af = 3,Af' = 2) supergravity plus matter theories. Both members of a pair have exactly the 
same bosonic field content including interactions. Curiously, the partner with the higher supersymmetry is generalized 
self-mirror in the bosonic sense. In addition, we find a new two-parameter family with (Af = l,Af' = 2). 



As may be seen even in the apparently simple example of abelian 1-forms in four dimensions, these dualities are quite subtle |15l . 



5 



II. M ON X 7 
A. Betti numbers 

Consider X^ 8 ~^ x T^ -1 ) compactification of D = 11 supergravity with 128+128 degrees of freedom 

(9MNi ^m, Amnp) 

as shown in Table [i] We denote the betti numbers of X 7 , X 6 , X 5 , X 4 , X 3 , X 2 by the letters b, c, e, d, j, k, 
respectively. The betti numbers of S 1 are (1,1), of T 2 are (1,2,1), of T 3 are (1,3,3,1), of T 4 are (1,4,6,4,1), of T 5 
are (1, 5, 10, 10, 5, 1) of T 7 are (1, 7, 21, 35, 21, 7, 1), so 



X 7 : {b MMM) 

X 6 x S 1 : (c ,c + ci,ci + c 2 ,c 2 + c 3 ) 

X 5 x T 2 : (e , 2e + e u e + 2e x + e 2 , e x + 3e 2 ) 

X 4 x T 3 : (d , 3d Q + d x ,3d + 3e?i + d 2 , d Q + 4di + 3d 2 ) 

X 3 x T 4 : (j , 4io + ii, 7 jo + 4ji,5j + 10j x ) 

X 2 x T 5 : (k , 5fc + fci, llfco + 5fci, 15fc + lOfci). 



B. Trace anomalies 

The fields in the massless sector of each D — 4 theory will exhibit an on-shell Weyl anomaly [5] [7] 

9fiV < >= A^R*^P°R\ vpa (26) 

so that in Euclidean signature 

J d 4 x^g^ < >= A X {M 4 ) (27) 

where \{M 4 ) is the Euler number of spacetime. We adopt the interpretation of [H] that assigns different anomalies to 
A^u and A even though they are naively dual to one another (each with one degree of freedom) and nonzero anomaly 
to A (with zero degrees of freedom). Starting with a Lagrangian 

- \<t>M (28) 

the one-loop effective action is 

Zn(det AY 1 ' 2 . (29) 

The total trace of the stress tensor, which we refer to as the "anomaly" even when A is not conformal, is then given 
by the Schwinger-De Witt coefficients B, which in four spacetime dimensions are quadratic in the curvature. When 
the operator is the laplacian on p- forms A p , the corresponding coefficients B p obey 

J d 4 x(B -B1 + B3- B 3 + B 4 ) = ^ J d 4 x*R*R = X (M 4 ) = b Q -b 1 +b 2 -b z + b 4 (30) 

The ghost-for-ghost procedure [30] means that we have 

P = : B 

p = 1 : Si - 2B 

p = 2 : B 2 - 2Bi + 3B (31) 

p = 3 : B 3 - 2B 2 + 3Bi - 4B 

p = 4 : B 4 - 2B 3 + 3B 2 - 4B X + 5B 
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Bearing in mind B p = _B( 4 _ p ) , we find 

A 2 - A Q = 1 

even though both describe one degree of freedom and 

A 3 = -2 
A 4 = 3 

even though both describe zero degrees of freedom. In fact for p > 3 

A p = {-lY(p-l). 

The value of the A coefficient for each supergravity field [7] is given in Table |lj Remarkably, we find that the 
total anomaly depends on p 



(32) 

(33) 
(34) 

(35) 



A = -—p(X 7 ). 



(36) 



So the anomaly flips sign under generalized mirror symmetry and vanishes for generalized self-mirror theories. In the 
case of (Af = l,D = 11) on X 6 x S 1 , or equivalently (Type IIA, D = 10) on X 6 , 



and so in Euclidean signature 



d A x^g 9llv < >-- 



24 



X(M 4 ) X (X 6 ) 



24 



X (M 4 x X 6 ) 



(37) 



(38) 



where x(M ) is the Euler number of spacetime. It would be interesting to see if this formula generalizes to other 
spacetime dimensions. 

For X^~^ x T^ -1 ) with Af > 3 the anomaly vanishes identically as shown in Table [IJ Of particular interest are 
the four cases 



(60,61.62,63) - (1,^-1,3^-3,47^+3) 



(39) 



with Af = 1,2,4,8, namely the four "curious" supergravities, discussed in [9 : (Af = l,n = 0, / = 32), (Af = 2, 71 
3, / = 64), (Af = 4, n = 9, / = 128), (Af = 8, n = 21, / = 256), which enjoy some remarkable properties. 





Field 


f 


360^1 


X 7 


X 6 x S 1 


X 5 x T 2 




X 4 x T 3 


X 3 x T 4 


X 2 x T 5 


T 7 


Qmn 


9iw 


2 


848 


b 


CO 


eo 




d 


jo 




1 




■A. ft 


2 


-52 


bi 


C + Cl 


2e + ei 




3do + di 


4 jo + 31 


5fc + fei 


7 




A 


1 


4 


-h + b 3 


—c — Cl + c 2 + c 3 


— 2e + 3e 2 - 


-2do 


+ 3di + 3d 2 


jo + 9ji 


lOfco + 9fei 


28 


IpM 


Vv 


2 


-233 


b + h 


2c„ + ci 


3e + ei 




4d + d\ 


5jo + 3i 


6fc + ki 


8 




X 


2 


7 


b 2 + 63 


ci + 2c 2 + c 3 


eo + 3ei + 4e 2 


4d 


+ 7di + 4:d 2 


lljo + 15ji 


26fc + 15fei 


56 


Amnp 







-720 


60 


CO 


eo 




do 


jo 




1 






2 


364 


bi 


Co + Cl 


2e + ei 




3do + di 


4 jo + ji 


5fc + fci 


7 




A, 


2 


-52 


b-i 


ci 4- c 2 


e + 2ei + e 2 


3do + 3di + d 2 


6jo + 5ji 


llfco + 5fci 


21 




A 


1 


4 


63 


C2 + C 3 


ei + 3e 2 


do 


+ 4di + 3d 2 


5jo + 10ji 


15fco + 5fci 


35 


total A 








-p/24 


-X/24 



























TABLE I: 


X (S-M) x r (JV-l) 


compactification 


of D 


= 11 supergravity 







C. Multiplets 



Here we group the individual fields into supermultiplets as shown in Tables III to IX making use of table XVII 



Field 3604 J\f = 8 graviton J\f = 4 graviton M — 4 gravitino M = 4 vector a JV = 4 vector .4 

848 1 1 

A M -52 7 3 4.1 

.4 4 27 4.3 9.1 1 + 5 

$ 4 1 1 

i/V -233 8 2.2 2.2 

X 7 8 + 48 2.2 10.2 + 2.4 6.2 2.2 + 2.4 

4 M „ P -720 1 1 

4 M „ 364 7 4.1 3 

4 M -52 21 3.1 4.3 3.1 3 

4 4 35 1 4.1 + 4.3 3.3 3.3 



A = Q 4 = 3 4 = A = A = -3 

TABLE II: (A/ - = 8, SO(7)) -> (A/ - = 4, 50(3)) decomposition appropriate for M and Type IIA compactifications. 

A" = 1 multiplet f 360A A" = b + bi A" = 8 M = 1 

graviton (g^; tp^; A^ p ) 2 + 2 —105 bo 1 1 

gravitino (A^ipn) 2 + 2 -285 bi 7 

sector (x;A M ) 2 + 2 ~ 45 b 2 21 n 

chiral (A;x,A) 2 + 2 15 -bi+b 3 28 3n + 7 

linear ( X ; A^, A) 2 + 2 375 bi 7 

total f 4(b + bi + b 2 + b 3 ) 256 16(n + 2) 

total A -(7b - 5bi + 3b 2 - b 3 )/24 
TABLE III: The D = 4 multiplets in an A"=l basis. 



A" = 2 


multiplet 


/ 


3604 


A" = 2c + ci 


A" = 8 


M = 2 


graviton 


{g^v, Aji\ 2^m5 A^vp) 


4 + 4 


-390 


CO 


1 


1 


gravitino 


(A*; Vv>x; A M ) 


4 + 4 


-330 


Cl 


6 





vector 


(A,2 X ;A^,A) 


4 + 4 


-30 


C2 


15 


n 


hyper 


(2A;2 X ;2A) 


4 + 4 


30 


-co - Cl + c 3 /2 


3 


n 


linear 


(-4; 2x;A m „,2j4) 


4 + 4 


390 


Co + Cl 


7 


1 


total f 








4(2c + 2ci + 2c 2 + c 3 ) 


256 


16(n + 1) 


total A 








-(2co - 2ci +2c 2 -c 3 )/24 









TABLE IV: The D = 4 multiplets in an A"=2 basis. 



M 


— 3 multiplet 


/ 36(L4 A/" = 3e + d A" = 8 


M = 


3 




graviton (g^, 2A yL ; 3^ M , X\ A^ vp , A p ) 


8 + 8 -720 e 1 




1 




gravitino (A^ ,A;ipp,3\; 2A M , A) 


8 + 8 -360 ei 5 









vector (3A; 4\; Ay, , 3 A) 


8 + 8 — 2e — ei + e 2 3 


n — 


3 




2 - 


- form (2A; 4x; Ay V , A^, 3 A) 


8-1-8 ^60 9»„ 4. p, 7 




2 




total f 


16(e + ei + e 2 ) 256 


16n 




total A 














TABLE V: The D = 


4 multiplets in an N~3 basis. 








M = 4 


multiplet 


/ 360,4 A r = 4d ( , + di A" = 8 


A" 


= 4 


graviton 


(g^, 3A^, A, 4t/v, 4 X , A^p, 3A p , A) 


16 + 16 -1080 d 


1 




1 


gravitino 


(yV, 3A, Vv, 7x, -V- 3A M , 4A) 


16 + 16 di 


4 







vector 


(3A;4 X ;A P ,3A) 


8 + 8 -3d„ + d 2 


3 


n 


- 6 


2 — form 


(2^;4x;A M „,^ M ,3A) 


8 + 8 360 3d 


3 




3 


total f 




16(2d + 2di + d 2 ) 


256 


16(n- 


-1) 


total A 

















TABLE VI: The D = 


4 multiplets in an h! —4 basis. 








M = 5 


multiplet 


/ 360A A" = 5j + ji 


M = 


8 A" = 


= 5 


graviton 


{g^AA^AM^XiKvpAKv^A^hA) 32 + 32 j 




1 


1 


gravitino 


9.A, W, 15x, 5 -V 10j4 ) 


32 + 32 ji 




3 





total f 




64(jo+ji) 


256 


64 


total A 
















TABLE VII: The D = 4 multiplets in an A r =5 basis. 



A" = 6 


multiplet 


/ 


360A 


A" = 6fc + fci 


A" = 8 


A/" = 6 


graviton 


(c/ M „, 5.4 m , 1(U; 6V>„, 26x; 5A M „, 1L4 M , lhA) 


64 + 64 





fc 


1 


1 


gravitino 


{A„, 9A, tpy, 15x, ^V, 5A M , 104) 


32 + 32 





fci 


2 





total f 








64(2fc + fci) 


256 


128 


total A 


















TABLE VIII: The D = 4 multiplets in an A r =6 basis. 



N = 8 multiple* f 360A N = 8 

graviton (g^, 7A^, 28A; 8i/v, 56\; A^p, 7A^, 21 Ap,, 35 A) 256 1 

total f 256 
iota/ A 
TABLE IX: The D = 4 multiplets in an jV=8 basis. 
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III. FROM D = 10 ON X b 
A. IIA 



Consider Type IIA in D = 10. In the NS sector we have the fields {gMN, i>M, X\ A MN ) with / = 64 + 64; in 
the RR sector we have the fields {Am', ipM, Xi ^a/jvp) also with / = 64 + 64. We compactify on generic X 6 with 
independent betti numbers (co, c\, c%, c 3 ) and on T 6 with (1,6.15.20). The results for TV'S and separately and 
combined are shown in Table Ixl 



Field 


/ 


360A 








RR 


rpG 


IIA 


rp6 




2 


848 


Co 


1 










CO 


1 




2 


-52 


Cl 


6 




CO 


1 


Co + Cl 


7 


A 


1 


4 


— 2co — 2ci + c 2 + c 3 


21 




Cl 


6 


— 2co — Cl + C2 + c 3 


27 


$ 


1 


4 


CO 


1 










CO 


1 


Vv 


2 


-233 


CO +Ci/2 


4 




co + ci/2 


4 


2co + ci 


8 


X 


2 


7 


Cl /2 + c 2 +C3/2 


28 


Ci/2 + 


c 2 + c 3 /2 


28 


Ci + 2c 2 + c 3 


56 







-720 










CO 


1 


CO 


1 


Apt, 


1 


364 


CO 


1 




Cl 


6 


Co + Ci 


7 




2 


-52 


Cl 


6 




C2 


15 


Cl + C 2 


21 


A 


1 


4 


C2 


15 




C3 


20 


C2 + C 3 


35 


toiaZ / 






2(2c„ + 2ci + 2c 2 + c 3 ) 


128 


2(2c + 2ci + 


2c 2 + C 3 ) 


128 


4(2c + 2ci + 2c 2 + c 3 ) 


256 


tota? A 






(65c - 15ci + c 2 + c 3 /2)/24 


(- 


-67co + 17ci - 3c 2 + 


c 3 /2)/24 





-(2c -2ci+2c2-c 3 )/24 






From Table \X\ we have 



TABLE X: X 6 compactification of D = 10 Type IIA sugravity 



A(NS) = ^(65c - 15ci +c 2 + c 3 /2) 
A(RB) = ^(-67c + Ylc x - 3c 2 + c 3 /2) 
^(^) = -^( 2c o - 2c i + 2c 2 - cs) = -Ya x 



(40) 



Now consider Type IIA on X 6 , the mirror of X 6 , with betti numbers 

(cq, ci, -c + ci + C3/2, 2c + 2ci + 2c 2 ) 



(41) 



The NS sector remains unchanged and from Table XI we have 

1 



A(NS) 
A(RR) 
A(IIA) 



_ )4 (65co-15ci + c2 + c 3 /2) 
^(-63c + 13ci +c 2 - 3c 3 /2)/24 
1 (2c - 2ci + 2c 2 - c 3 ) = — x 



(42) 



24 



24 ' 



B. N=l 



The massless sectors of the (Af — 1, D — 10) supergravity compactifications are given just by the NS sector 

/ = 2(2c + 2ci + 2c 2 + c 3 ) (43) 

and 

1 



I : - — (65cq - 15ci + c 2 + c 3 /2). 



(44) 
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Field f 360A NS T a RR T 6 IIA T 6 





2 


848 




Co 


1 








CO 


1 


A 


2 


—52 




Cl 


6 


CO 


1 


CO + Cl 


7 


A 


1 


4 


-Co - 


3d + 2c 2 + c 3 /2 


21 


Cl 


6 


-c - 2ci + 2c 2 + c 3 /2 


27 


<1> 


1 


4 




CO 


1 








CO 


1 


Vv 


2 


-233 




c + ci/2 


4 


C +Cl/2 


4 


2co + ci 


8 


X 


2 


7 




ci/2 + c 2 + c 3 /2 


28 


C1/2 + C2 + C3/2 


28 


Cl + 2c 2 + c 3 


56 


A 





-720 










CO 


1 


CO 


1 


Apt, 


1 


364 




CO 


1 


Cl 


6 


CO + Cl 


7 


A, 


2 


-52 




Cl 


6 


-co + Cl + C3/2 


15 


-co + 2ci + c 3 /2 


21 


A 


1 


4 




-co + Cl + C3/2 


15 


2co - 2ci + 2c 2 


20 


Co - Cl + 2c 2 + C3/2 


35 


total f 






2(2c 


+■ 2ci + 2c 2 + c 3 ) 


128 


2(2c + 2ci + 2c 2 + c 3 ) 


128 


4(2c + 2ci + 2c 2 + c 3 ) 


256 


total A 






(65c - 15ci +c 2 + c 3 /2)/24 


(- 


-63c + 13ci + c 2 - 3c 3 /2)/24 





(2c - 2ci + 2c 2 - c 3 )/24 






TABLE XI: X 6 compactification of D = 10 Type IIA supergravity 



They have vanishing anomaly when 

(co,ci,c 2 ,c 3 ) = (l,2JV-2,n,3(W-95-7i) (45) 

and 

/ = 4(26AA- 97 + 3n) (46) 

so the only possibility is: 
• Af = 4, n = 15, / = 128 



Next consider an (Af = 1, D = 10) vector multiplet (Am, x) with / = 8 + 8 as shown in Table XII 

Field f 360A X 6 X 4 x T 2 T 6 



d 1 

2d + d 1 6 

2d + di/2 4 

2(4d + di) 16 



TABLE XII: Compactifications of AT=1 D — 10 vector multiplet 

The massless sectors of the vector compactifications have 

/ = 2(2c + Cl ) (47) 



A M 


A, 


2 


-52 


CO 




A 


1 


4 


Cl 


X 


X 


2 


7 


CO +Cl/2 


total f 








2(2c + ci) 


total A 








(-3c + ci/2)/24 



and 

They have vanishing anomaly when 
and 

so the only possibility is: 
• Af = 4, / = 16 



A=l(-3co + Cl /2). (48) 



(co.d) = (l,2AA-2) (49) 
/ = 4JV. (50) 
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C. IIB 



Consider Type IIB in D = 10. In the NS sector we have the D = 10 fields (gMN, 4>m, Bmn, X, $); with / = 64 + 64; 
in the R-R we have (Amnpq + ,iP,Cmn,X, D) a ls° with / = 64 + 64. If IIB is T-dual to IIA, we might expect 
A(IIB) = x/24 on X 6 since A(IIA) = -x/24 on X 6 and A(IIA) = %/24 on its mirror. But IIB is tricky: how do 
we assign four dimensional tensors coming from the self-dual 5-form in D = 10? The authors of [311 [32] address this 
problem in the case of T 6 by first writing the Lagrangian in D = 9, where it coincides with that of IIA except Amnp 
is swapped for its dual Amnpq, and then compactifying on T 5 . The results are shown in Table 
360A = 1080 to Afj, vpcr as in section IIB we find that the anomaly vanishes for IIB just as for 
this trick does not generalize in a useful way for us, because X 5 x S 1 has vanishing Euler number and is therefore 
not a good laboratory for testing mirror symmetry. 



XIII 
UK 



and, assigning 
Unfortunately, 



Field f 360A NS T° RR T 6 IIB T 6 



9^ 


2 


848 


1 





1 




2 


-52 


6 


1 


7 


A 


1 


4 


21 


6 


27 


4> 


1 


4 


1 





1 


Vv 


2 


-233 


4 


4 


8 


X 


2 


7 


28 


28 


56 


A-fii/pa 





1080 





1 


1 


A-fn/p 





-720 





5 


5 




1 


364 


1 


11 


12 


A» 


2 


-52 


6 


15 


21 


A 


1 


4 


15 


15 


30 


total f 






128 


128 


256 


total A 
















TABLE XIII: T 6 compactification of D = 10 Type IIB supergravity 



IV. FERMIONIC MIRRORS 



The bosonic mirror map 

(bo, h,b 2 ,b 3 ) -► (bo, bi,b 2 - p/2, b 3 + p/2) (51) 



preserves the number of spin 3/2 and spin 1/2 but changes the number of spin 1 and spin as in Table XIV Note 
incidentally that the number of fields of spin (2, 3/2, 1, 1/2, 0) equals (bo, bo b\ +b 2 , b 2 + bs, 2&3)=(ao, a\, a 2 , 0,3, 04) 
where the a% are the betti numbers of X 7 x S 1 . Since there are equal numbers of bosons and fermions, we must have 
2ao — 2ai + 2a 2 — + 04 = which is just the vanishing of the euler number x(X 1 x S 1 ). 

Spin X X' 

2 6 60 

3/2 fe + 61 b + 61 

1 61 + 62 h + b 2 - p/2 

1/2 6 2 + b 3 b 2 + 63 

26 3 26 3 + P 

f = 4(b + bt+b 2 + 63) /' = 4(6 + h + b 2 + 63) 
p = (7 - 56i + 3b 2 - 63) p' = -(7 - 56i + 3b 2 - 63) 

TABLE XIV: Bosonic mirror symmetry 

We define a fermionic mirror map 

(60,61,62,6a) -> (bo,h + N' - N ,b 2 - N' + N M) (52) 
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which preserves the number of spin 2, spin 1 and spin but changes the number of spin 3/2 (from TV to TV') and spin 



1/2, keeping / fixed as in Table XV 



Spin 


X 


X' 




2 


bo 


bo 




3/2 


b + bi 


60 + 61 


+ xr-xr 


1 


h + b 2 


61+62 




1/2 


&2 + b 3 


62 + 6 3 


-xf'+xr 





26 3 


26 3 





f = 4(1 + 61 + 62 + 63) /' = 4(1 + 61 + 62 + 63) 

p = (7 - 56i + 36 2 - 63) p' = (7- 56i + 36 2 - 63) - 8(JV' - TV) 

TABLE XV: Fermionic mirror symmtry 



However, we further require that each member of the pair have identical bosonic lagrangians. Previously known 
examples [2SJ EM 133] are provided by (TV = 6,7V' = 2), (Af = 4,7V' = 2) and (TV = 3,7V' = 2) supergravity plus 
matter theories, as shown below. We also provide the relevant coset structure (after dualization) . Curiously, the 
partner with the higher supersymmetry is generalized self-mirror in the bosonic sense. In addition, we find a new 
two-parameter family with (TV = 1,7V' = 2). 

• Af = 6, 7V'=2 



TV = 6 with (60,61,62^3) = (1,5,11,15) and Magic 7V'=2 with (6 , 61, 6 2 , 63) = (1,1,15,15) as in Table XVI 



Spin 


X 


X' 


2 


1 


1 


3/2 


6 


2 


1 


16 


16 


1/2 


26 


30 





30 


30 



/ = 128 /' = 128 
p = p' = 32 

TABLE XVI: TV = 6 and Af' = 2 



The relevant coset is 



• TV = 4, TV'=2 
TV = 4 with (60,61,62,63) 



SO* (12) 



(53) 



(1,3,5,7) andTV'=2 with (6 , 61, 6 2 , 63) = (1,1,7,7) as in Table XVII 



Spin 


X 


X 1 


2 


1 


1 


3/2 


4 


2 


1 


8 


8 


1/2 


12 


14 





14 


14 



/ = 64 /' = 64 
p = p' = 16 

TABLE XVII: TV = 4 and TV" = 2 



The relevant coset is 



SL(2) 50(6,2) 
U(l) X SO(6) x SO(2) 



(54) 
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TV = 3, AT' =2 



TV = 3 with (b ,bi,b 2 ,b 3 ) = (1,2,2,3) and TV'=2 with (6 , b x , b 2 , b 3 ) = (1,1,3,3) as in Table XVIII 



Spin 


X 


X 


2 


1 


1 


3/2 


3 


2 


1 


4 


4 


1/2 


5 


6 





6 


6 



/ = 32 /' = 32 
p = p = 8 

TABLE XVIII: TV = 4 and TV' = 2 



The relevant coset is 



SU ^ (55) 



SU(3) x £7(1) 
TV = 1, TV'=2 

TV = 1 with (bo, 61,62, 63) = (1, 0, ni + 1, 2n 2 + n\) and TV'=2 with (60, 61, 62, 63) = (1, 1, m,2n 2 + n\) as in 
ITable XIXI 

Spin X X' 

2 1 1 

3/2 1 2 

1 n% + 1 ni + 1 

1/2 2n 2 +2ni + l 2n 2 + 2m 

4n 2 + 2ni 4n 2 + 2ni 

/ = 8(ni + n 2 + 1) /' = 8(m + n 2 + 1) 
/a = 2(1 + m - 7ia ) + 8 p' = 2(1 + Tii - n 3 ) 

TABLE XIX: TV = 1 and TV' = 2 

The relevant coset is 

SU(l, ni ) SU(2,n 2 ) 
U(m) SU(2) x SU(n 2 ) x £7(1) 1 J 

and describes TV = 1 supergravity plus Tii + 1 vector mutiplets and ni + 2n 2 chiral paired with TV = 2 supergravity 
plus Tij vector multiplets and n 2 hypermutiplets. The TV = 1 partner is bosonic self mirror when n 2 = tlx + 5 
and the TV = 2 partner is bosonic is self-mirror when n 2 = n\ + 1. 
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Appendix A: Dualization 

1. M = 1,D = 11 



In this section we list what the anomalies would have been had we used the dualized form of the theories where 

The results, shown in Table 



A^ vp is set to zero and is replaced by A 



XX 



agree with those in [31] and are also 
what would be obtained for the undualized version if one took the view that the anomaly for A^ v is equal to that of A 

In Tables IXXil to IXXVII 



and the anomaly for Ap Up 
after dualization. 



is zero [17, 24 



we group the individual fields into supermultiplets 



Spin f 360A 



X' 



X b x S 1 



X 5 x T 



X 2 x T T 



2 2 848 b 

3/2 2 -233 b + bi 

1 2 -52 6i + b 2 

1/2 2 7 b 2 + b 3 

1 4 2b 3 



co 

2co + a 
Co + 2a + c 2 
a + 2c 2 + c 3 
2c 2 + 2c 3 



eo 

3eo + ei 
3e + 3ei + e 2 
eu + 3ei + 4e 2 
2ei + 6e 2 



do 

4d + di 
6d + 4di + d 2 
4d + 7di + 4d 2 



Jo 

5jo + ji 
5jo + ji 
11 jo + 5ji 



2d + 8di + 6d 2 10 j + 20ji 



fco 1 

6fc + fci 8 

16fc + 6ki 28 

26fc + 15fci 56 

30fc + 20fci 70 



TABLE XX: X (8_A ° x T (AA_1) compactification of 13 = 11 supergravity after dualization 



N=l 


multiplet 




360A 




M = b + h 


Af = 8 


Af =1 


graviton 




2 + 2 


615 




bo 


1 


1 


gravitino 




2 + 2 


-285 




bx 


7 





vector 


(x;A0 


2 + 2 


-45 




l>2 


21 


b 2 


chiral 


(A ;x; A) 


2 + 2 


15 




b 3 


35 


63 


total f 








4(6 


+ bi + b 2 + b 3 ) 


256 


4(1 + £> 2 + 63) 


total A 






(41&o 


- 19a 


- 36 2 + b 3 )/24 


-5 


(41 - 36 2 + & 3 )/24 



TABLE XXI: The D = 4 multiplets in an A/=l basis after dualization. 



AT = 2 


multiplet 


/ 


360A 


N = 2c + a 


M = 8 


N = 2 


graviton 


(s m ^-4m; 2 Vv) 


4 + 4 


330 


CO 


1 


1 


gravitino 


(AmVv.x;^) 


4 + 4 


-330 


Cl 


6 





vector 


(^,2 X ;T M ,A) 


4 + 4 


-30 


C2 


15 


C2 


hyper 


(2A; 2 X ; 2A) 


4 + 4 


30 


C3/2 


10 


c 3 /2 


total f 








4(2c„ + 2a + 2c 2 + c 3 ) 


256 


4(2 + 2c 2 + c 3 ) 


total A 








(22c - 22a - 2c 2 + c 3 )/24 


-5 


(22 - 2c 2 + c 3 )/24 



TABLE XXII: The D = 4 multiplets in an A/=2 basis after dualization. 
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M = 3 multiple* f 3604 N = 3e + ei M = 8 AT = 3 

graviton (g M „, 24 M ; 3t/> M , X5 AO 8 + 8 e 1 1 

gravitino (4 M ; Vv, A : 3x; 24 M , A) 8 + 8 -360 ei 5 

vector (34; 4x; 4 M , 34) 8 + 8 e 2 10 e 2 

toto/ / 16(e„ + ei + e 2 ) 256 16(1 + e 2 ) 

toto/ 4 — ei —5 

TABLE XXIII: The D = 4 multiplets in an A"=3 basis after dualization. 

M = 4 multiplet f 3604 A/" = 4d + di A/" = 8 A" = 4 

graviton (g M „, 34 M , 4, 4i/> M , 4x, 34 M , 4) 16+ 16 -360 d 1 1 

gravitino (4 M , 44, ?/v> 7x, 34 M , 44) 16+ 16 -360 di 4 

vector (34; 4x; 4 M , 34) 8 + 8 d 2 6 d 2 

toto/ / 16(2d + 2di + d 2 ) 256 16(1 + d 2 ) 

total A — (do + dj) —5 — 1 

TABLE XXIV: The D = 4 multiplets in an A"=4 basis after dualization. 

M = 5 multiplet f 3604 A" = 5j + ji A" = 8 A" = 5 

graviton (g^, 44 p , 54; 5^ M , llx : 64 M , 54) 32 + 32 -720 jo 1 1 

gravitino (4 M , 104, ?/v> 15%, 54 M , 104) 32 + 32 -360 ji 3 

totoi / 64(j +ii) 256 64 

total A -2j -ji -5 -2 

TABLE XXV: The D — 4 multiplets in an A/=5 basis after dualization. 

A" = 6 multiplet f 3604 A" = 6 + fci M = 8 M = 6 

graviton (g^, 54 M , 154; 6i/v, 26x; H4 M , 154) 64 + 64 -1080 fc 1 1 

gravitino (4 M , 104, W, !5x; 54 M , 104) 32 + 32 -360 fci 2 

total f 64(2fc + fci) 256 128 

total A — 3fc () — fci —5 —3 

TABLE XXVI: The D — 4 multiplets in an A"=6 basis after dualization. 
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N = 8 multiplet f 360,4 M = 8 

graviton (p^, 7^,35^4; 8^, 56x; 21i4 M , 35A) 256 -1800 1 

fotaJ / 256 
toiaZ A —5 
TABLE XXVII: The Z) = 4 multiplets in an A/"=8 basis after dualization. 
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2. Type II A and IIB on X 6 

We have 

A(IIA) - A(IIB) = {-Ac + 4ci - 4c 2 + 2c 3 )/24 = - ^ (Al) 



Spin 


f 


360,4 


NS 


rp6 


RR 


rp6 


7/A 


rp6 


2 


2 


848 


CO 


1 








CO 


1 


3/2 


2 


-233 


co + ci/2 


4 


Co +Cl/2 


4 


2c + ci 


8 


1 


2 


-52 


2ci 


12 


Co + C 2 


16 


c + 2ci + c 2 


28 


1/2 


2 


7 


ci/2 + C2+c 3 /2 


28 


Cl/2 + c 2 + C3/2 


28 


Ci + 2c 2 + c 3 


56 





1 


4 


— 2ci + 2c 2 + c 3 


38 


2ci + C 3 


32 


2c 2 + 2c 3 


70 


fotaZ / 






2(2co + 2ci + 2c 2 + c 3 ) 


128 


2(2c„ + 2 Cl + 2c 2 + c 3 ) 


128 


4(2c + 2ci + 2c 2 + c 3 ) 


256 


total A 






(41c - 15ci + c 2 + c 3 /2)/24 


-1 


(-19co-7ci-3c2 + c 3 /2)/24 


-4 


(22c - 22ci - 2c 2 + c 3 )/24 


-5 



TABLE XXVIII: X compactification of D — 10 Type IIA supergravity after dualization 



Spin 


f 


360A 


NS 


rp6 




rp6 




rpQ 


2 


2 


848 


CO 


1 








CO 


1 


3/2 


2 


-233 


CO +Cl/2 


4 


co+ci/2 


4 


2c + ci 


8 


1 


2 


-52 


2ci 


12 


ci + c 3 /2 


16 


3ci + c 3 /2 


28 


1/2 


2 


7 


ci/2 + c 2 + c 3 /2 


28 


C1/2 + C2 + C3/2 


28 


Ci + 2c 2 + c 3 


56 





1 


4 


— 2ci + 2c 2 + c 3 


38 


2c + 2c 2 


32 


2c — 2ci + 4c 2 + c 3 


70 


total f 






2(2c + 2d + 2c 2 + c 3 ) 


128 


2(2co + 2d + 2c 2 + c 3 ) 


128 


4(2c + 2d + 2c 2 + c 3 ) 


256 


total A 






(41c - 15ci + c 2 + c 3 /2)/24 


-1 


(-15c - llci + c 2 - 3c 3 /2)/24 


-4 


(26c - 26ci + 2c 2 - c 3 )/24 


-5 



TABLE XXIX: X compactification of D = 10 Type IIB supergravity after dualization 



[1] D. Joyce, J. Differential Geometry 43 (1996). 

[2] D. Joyce, J. Differential Geometry 43, 329 (1996). 

[3] S. L. Shatashvili and C. Vafa, Selecta Math. 1, 347 (1995), hep-th/9407025. 
[4] B. S. Acharya, Nucl. Phys. B524, 269 (1998), hep-th/9707186. 
[5] M. R. Gaberdiel and P. Kaste, JHEP 08, 001 (2004), hep-th/0401125. 
[6] M. J. Duff, Nucl. Phys. B125, 334 (1977). 

[7] M. J. Duff, Class. Quant. Grav. 11, 1387 (1994), hep-th/9308075. 

[8] M. J. Duff, B. E. W. Nilsson, and C. N. Pope, Phys. Lett. B129, 39 (1983). 

[9] M. J. Duff and S. Ferrara (2010). 
[10] E. Cremmer and B. Julia, Nucl. Phys. B159, 141 (1979). 
[11] S. Ferrara and C. Kounnas, Nucl. Phys. B328, 406 (1989). 
[12] A. Sen and C. Vafa, Nucl. Phys. B455, 165 (1995), hep-th/9508064. 
[13] Y. S. Tung, Essays on mirror manifolds (Int. Press, Hong Kong, 1992). 
[14] M. J. Duff and P. van Nieuwenhuizen, Phys. Lett. B94, 179 (1980). 
[15] E. Witten, Selecta Math. 1, 383 (1995), hep-th/9505186. 
[16] H. Nicolai and P. K. Townsend, Phys. Lett. B98, 257 (1981). 
[17] W. Siegel, Phys. Lett. B103, 107 (1981). 

[18] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B134, 187 (1984). 

[19] M. T. Grisaru, N. K. Nielsen, W. Siegel, and D. Zanon, Nucl. Phys. B247, 157 (1984). 

[20] I. L. Buchbinder, E. N. Kirillova, and N. G. Pletnev, Phys. Rev. D78, 084024 (2008), 0806.3505. 

[21] I. Antoniadis, E. Cava, and K. S. Narain, Phys. Lett. B283, 209 (1992), hep-th/9203071. 

[22] D. V. Fursaev, Phys. Rev. D51, 5352 (1995), hep-th/9412161. 

[23] S. N. Solodukhin, Phys. Lett. B665, 305 (2008), 0802.3117. 



19 



[24] S. Banerjee, R. K. Gupta, and A. Sen (2010), 1005.3044. 

[25] R. Aros, D. E. Diaz, and A. Montecinos, JHEP 07, 012 (2010), 1003.1083. 

[26] J. S. Dowker (2010), 1009.3854. 

[27] S. Fcrrara, E. G. Gimon, and R. Kallosh, Phys. Rev. D74, 125018 (2006), hep-th/0606211. 
[28] S. Ferrara, A. Gnecchi, and A. Marrani, Phys. Rev. D78, 065003 (2008), 0806.3196. 
[29] D. Roest and H. Samtleben, Class. Quant. Grav. 26, 155001 (2009), 0904.1344. 
[30] W. Siegel, Phys. Lett. B93, 170 (1980). 

[31] E. Cremmer, B. Julia, H. Lu, and C. N. Pope, Nucl. Phys. B523, 73 (1998), hep-th/9710119. 
[32] E. Cremmer, B. Julia, H. Lu, and C. N. Pope, Nucl. Phys. B535, 242 (1998), hep-th/9806106. 
[33] L. Andrianopoli, R. D'Auria, and S. Ferrara, Int. J. Mod. Phys. A12, 3759 (1997), hep-th/9608015. 
[34] S. M. Christensen, M. J. Duff, G. W. Gibbons, and M. Rocek, Phys. Rev. Lett. 45, 161 (1980). 



